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Recent measurements of the Cosmic Microwave Background Anisotropy
have provided evidence for the presence of oscillations in the angular power
spectrum. These oscillations are a wonderful confirmation of the standard
cosmological scenario and allow us to derive constraints on many cosmological,
astrophysical and inflationary parameters. If the discovery is confirmed by
future experiments, opportunities may appear, for example, to constrain dark
energy, variations in fundamental constants and neutrino physics.
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1 Introduction
In the last 2 years important progress has been made in the study of the Cosmic Microwave
Background (CMB) Anisotropies.
With the TOCO−97/98 ([129],[107]) and Boomerang-97 ([100]) experiments a firm
detection of the first peak in the CMB anisotropy angular power spectrum has been
obtained. The presence of this peak is generally expected in models of structure formation
with a nearly-scale invariant spectrum of primordial perturbations like the one produced
after inflation. In the framework of adiabatic Cold Dark Matter (CDM) models, the
position, amplitude and width of this peak provide strong supporting evidence for the
inflationary predictions of a low curvature (flat) universe and a scale-invariant primordial
spectrum ([51], [104], [125]).
A first analysis of a small fraction of data from the BOOMERANG 1998/1999 Long
Duration Ballooning (BOOM/LDB) campaign ([16], [91]) and of observations from the
MAXIMA experiment ([69], [6]) further confirmed the presence of this feature at high
significance. However, the finding of a suppressed second peak in the CMBR anisotropy
resulted in a rather large value for the baryon density, Ωbh
2 = 0.032+0.005
−0.004 at 68% CL [81],
while the experimental data on primordial 4He and D abundances, prefer smaller values,
Ωbh
2 = 0.020±0.002 ([29]) (see also [5],[97]). Many authors addressed the issue of this
tension between the determination of Ωbh
2 from CMBR data and Standard Big Bang
Nucleosynthesis (SBBN) [128, 96, 57, 74, 83, 36].
The new experimental data from BOOMERANG ([111]) and DASI ([68]) have refined
the data at larger multipole and now clearly suggest the presence of a second peak in
the spectrum and a smaller value for the baryonic fraction, in agreement with SBBN.
Moreover, this result confirms the model prediction of acoustic oscillations in the primeval
plasma and shed new light on various cosmological and inflationary parameters ([17],
[135], [117]). The new results from MAXIMA ([93], [122]) are of lower precision, but are
consistent with both DASI and BOOMERANG.
This paper is organized as follows: Section II is a brief introduction about why we
expect oscillations in the CMB spectrum. In Section III I will discuss the statistical
significance of the peaks measured by BOOMERANG, DASI and MAXIMA and their
location and amplitude. In section IV I will review the implications for the cosmological
parameters in the framework of the standard CDM model of structure formation. In
section V I will discuss some non-standard aspect of parameter extraction. Finally, in
section VI, I will give my conclusions.
2 The acoustic oscillations in the CMB anisotropy
angular power spectrum
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2.1 The power spectrum.
The anisotropy with respect to the mean temperature ∆T = T − T0 of the CMB sky in
the direction n measured at time t and from the position ~x can be expanded in spherical
harmonics:
∆T
T0
(n, t, ~x) =
∞∑
ℓ=1
m=ℓ∑
m=−ℓ
aℓm(t, ~x)Yℓm(n) , (1)
If the fluctuations are Gaussian all the statistical information is contained in the 2-
point correlation function. In the case of isotropic fluctuations, this can be written as:
〈
∆T
T0
(n1)
∆T
T0
(n2)
〉
=
1
4π
∑
ℓ
(2ℓ+ 1)CℓPℓ(n1 · n2) . (2)
where the average is an average over ”all the possible universes” i.e., by the ergodic
theorem, over ~x. The CMB power spectrum Cℓ are the ensemble average of the coefficients
aℓm,
Cℓ = 〈|aℓm|2〉 .
Since it is impossible to measure ∆T
T0
in every position in the universe, we cannot do
an ensemble average. This introduces a fundamental limitation for the precision of a
measurement (the cosmic variance) which is important especially for low multipoles. If
the temperature fluctuations are Gaussian, the Cℓ have a chi-square distribution with
2ℓ+ 1 degrees of freedom and the observed mean deviates from the ensemble average by
∆Cℓ
Cℓ
=
√
2
2ℓ+ 1
. (3)
Moreover, in a real experiment, one never obtain complete sky coverage because of the
limited amount of observational time (ground based and balloon borne experiments) or
because of galaxy foreground contamination (satellite experiments). All the telescopes also
have to deal with the noise of the detectors and are obviously not sensitive to scales smaller
than the angular resolution. For a given an experiment, the accuracy of reconstruction of
the power spectrum can be approximately given as [86]:
∆Cℓ
Cℓ
≃
√
2
(2ℓ+ 1)fsky
(
1 +
σ2pixelΩpixel
Cℓ
exp[ℓ2σ2beam]
)
. (4)
where fsky is the sky coverage, σbeam is the angular resolution, σpixel the experimental
noise per pixel and Ωpixel is the area per pixel.
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2.2 Theoretical predictions. Inflation vs. Topological Defects.
Acoustic oscillations in the CMB angular spectrum have been predicted since long time
from simple assumptions about scale invariance and linear perturbation theory ([113],
[124], [140], [133], [22]). The physics of these oscillations and their dependence on the
various cosmological parameters has been described in great detail in many reviews (see
e.g. [80], [79], [139], [20], [45], [106]). Here I will just outline the basic principles and spend
a few words on models based on topological defects that do not predict oscillations.
Since the CMB fluctuations are small, applying linear perturbation theory to the
Friedman metric is justified. For a cosmic fluid consisting of radiation, massless neutrinos,
baryons, cold dark matter and a cosmological constant, we can the write down the linear
perturbation equations (in Fourier space). In the most general case, for each wave vector
k they are of the form
DX = S , (5)
where X is a vector containing all the random perturbation variables, D is a deterministic
linear first order differential operator and S is a random source term which consists
of linear combinations of the energy momentum tensor of possible external sources of
perturbations such as topological defects. More details can be found, e.g. in Ref. [46],
[47].
In general, for inflationary perturbations S = 0 and the solutions are determined
entirely by the random initial conditions, X(k, tin). Practically, scale-invariant perturba-
tions are induced in the metric only during the inflationary epoch by quantum fluctuations
of the inflaton field. After that, no new perturbations are produced in the universe and
everything evolves according to the linearized perturbation equations.
For inflationary models X(k, tin) is then a set of Gaussian random variables and hence
their statistical properties are entirely determined by the spectra P (the Fourier trans-
forms of the two point functions),
〈Xi((tin,k) X∗j ((tin,k′)〉 ≡ Pij(k)δ(k− k′) . (6)
Here the Dirac delta is a consequence of statistical homogeneity which we want to
assume for the random process leading to the initial perturbations. In general, for density
inflationary perturbations, P ∼ knS where the spectral index nS is equal to 1 for scale-
invariance.
Let Ai(k, t) be the solution with initial condition Xj(k, tin). The spectra of the solution
with initial ’spectrum’ given by Eq. (6) is then today just
〈Xi((t0,k) X∗j ((t0,k′)〉 = Ai(k, t0)A∗j(k, t0)Pij(k)δ(k− k′) .
Therefore, if Ai is oscillating, e.g. as a function of kt because of some physical process
between tin and t0, so will 〈|Xi|2〉.
This is exactly our case: on sub-horizon scales, prior to recombination, photons and
baryons form a tightly coupled fluid that performs acoustic oscillations driven by the
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gravitational potential. These acoustic oscillations define a structure of peaks in the
CMB angular power spectrum that is measured today.
Let us, for example, consider the density fluctuations δ in the baryon-photon fluid
during the radiation dominated epoch. In this case we have w = p/ρ ≃ 1/3 equal to the
adiabatic sound speed c2s = p˙/ρ˙ ≃ 1/3 and δ follows the wave equation:
δ¨ + k2
δ
3
=
k2
3
(Φ−Ψ) (7)
where Φ and Ψ are the Bardeen potentials [7], and the dots are derivatives respect to
the time η. In our case Φ ≃ −Ψ ≃ const. On very large, super-horizon scales, kη ≪ 1, δ
remains constant. Once kη > 1 δ begins to oscillate like an acoustic wave.
If adiabatic perturbations have been created during an early inflationary epoch, they
all start oscillating in phase. At the moment of recombination, when the photons become
free and the acoustic oscillations stop, the perturbations of a given wave length thus all
have the same phase. As each given wave length is projected to a fixed angular scale on
the sky, this leads to a characteristic structure of peaks in the CMB power spectrum.
However, if the source term S does not vanish, the randomness of the source term
enters at all times and the situation is different.
In this case, Equation (5) can be solved by means of a Green’s function, G(t, t′), in
the form
Xj(t0,k) =
∫ t0
tin
dtGjl(t0, t,k)Sl(t,k) . (8)
Power spectra or, more generally, quadratic expectation values of the form 〈Xj(t0,k)X∗l (t0,k)〉
are then given by
〈Xj(t0,k)X∗l (t0,k)〉 =
∫ t0
tin
dt
∫ t0
tin
dt′Gjm(t0, t,k)G∗ln(t0, t′,k)〈Sm(t,k)S∗n(t′,k)〉 . (9)
The only information about the source random variable which we really need in order
to compute power spectra are therefore the unequal time two point correlators (see e.g.
[2, 114, 3, 50, 46]
〈Sm(t,k)S∗n(t′,k)〉 . (10)
In the case of topological defects or more general non homogeneous distributions of
matter, S is given by a function quadratic in the defect field, which itself obeys highly
non-linear evolution equations. The non-linearity of the time evolution of the source term
has several important consequences. Even though time evolution is deterministic, different
Fourier modes mix due to non-linearity, and the randomness in one mode ’sweeps’ into
the other modes.
Therefore, fluctuations of a given wave number k are in general not in phase, and
the distinctive series of acoustic peaks present in inflationary models is blurred into one
’broad hump’.
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In Figure 1 we plot the 2 (very different) theoretical predictions one for an inflationary
model and one for a model based on numerical simulations of global textures taken from
[46]. Global textures can be considered a good representative for the models with non
linear sources. The cosmological parameters are assumed to be the same.
As we can see, when non-linearities are present as in the textures case, decoherence
dominates and the oscillations in the CMB spectrum are severely damped. Also plotted
in the figure are the recent data from the BOOMERanG and DASI experiments. It is
clear from the picture that while the inflationary scenario is in good agreement with the
data, the texture model is ruled out at high significance.
This is an important result: structure formation theories based on non-linear external
sources fail to match the current data, and defects as only responsible mechanism for
structure formation can reasonably be ruled out.
However, before going to parameter extraction, is important to asses how well the
current data are in agreement with the underlying theoretical model and with the presence
of acoustic oscillations.
3 Are there acoustic oscillations in the CMB power
spectrum ?
On April 30th 2001, at the same time, 3 different teams, Boomerang [111], DASI [68]
and MAXIMA [93] reported a detection of multiple features in the CMB angular power
spectrum. Before discussing the statistical significance of these features, let me briefly
review the various experiments.
3.1 The BOOMERanG experiment.
BOOMERanG is a scanning balloon experiment aimed at producing accurate and high sig-
nal/noise maps of the CMB sky and constraining the power spectrum in the 50 < ℓ < 1000
range. The BOOMERanG experiment has been described in [116] and [15]. All the
relevant informations about the collaboration can be found in the ’official’ websites:
http://oberon.roma1.infn.it/boom and http://www.physics.ucsb.edu/b˜oomerang/.
The BOOMERanG group carried out a long duration flight (December 1998/ January
1999) called the Antarctica or LDB flight. Before this, there was a ’test flight’ on North
America from which the first power spectrum results were released ([100], [104], [116]).
From the test flight a ∼ 4000 16′ pixel map at 150GHz produced a firm detection of a
first peak in the CMB angular power spectrum.
For the antarctica flight, coverage of 4 frequencies with 16 bolometers in total were
available. BOOMERanG LDB measured 8 pixels in the sky simultaneously . Four pixels
feature multiband photometers (150, 240 and 410 GHz), two pixels have single-mode,
diffraction limited detectors at 150 GHz and two pixels have single-mode, diffraction
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Figure 1: BOOMERanG, DASI and MAXIMA data togheter with an inflationary model
and a global textures model.
limited detectors at 90 GHz. The NEP of these detectors is below 200µKCMB
√
s at 90,
150 and 240 GHz and the angular resolution ranges from 12 to 18 arcminFWHM.
The istrument was flown aboard a stratospheric balloon at 38Km of altitude to avoid
the bulk of atmospheric emission and noise. During a long duration balloon flight of
∼ 11 days carried out by NASA-NSBF around Antarctica in 1999, BOOMERanG mapped
∼ 1800 square degrees in a region of the sky with minimal contamination from the galaxy.
The most recent analysis of the BOOMERanG data has been presented in [111]. The
observations taken from 4 detectors at 150 GHz in a dust-free ellipsoid central region of
the map (1.8% of the sky) have been analyzed using the methods of ([23], [76], [118]).
The gain calibration are obtained from observations of the CMB dipole.
The CMB angular power spectrum, estimated in 19 bands centered between ℓ = 50
to ℓ = 1000 is shown in Figure 1. The error bars on the y axis are correlated at about
∼ 10%. A first peak is clearly evident at ℓ ∼ 200 and 2 subsequent peaks can be see in
the figure. Not shown in the figure is an additional 10% calibration error (in ∆T ) and
the uncertainty in the beam size (12.9′ ± 1.4′).
Calibration error does not affect the shape of the power spectrum, producing only an
overall shift in amplitude.
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On the contrary, since the beam resolution affects the Cℓ spectrum according to the
Eq. (4), a small uncertainty ∆σ2beam = σ
2
beam − (σ′beam)2 in the telescope beam produce a
correlated ℓ-dependent ’calibration error’ of ∼ (1 + ℓ2∆σ2beam)Cℓ ([27])
The beam uncertainty can change the relative amplitude of the peaks, but cannot
introduce features in the spectrum.
3.2 The DASI experiment.
The DASI experiment is a ground based compact interferometer constructed specifically
for observations of the CMB. A description of the instrument can be found in [68] and
[94]. and all the relevant information about the team can be obtained from the DASI
website:http://astro.uchicago.edu/dasi/.
The specific advantage of interferometers is in reducing the effects of atmospheric
emission [90]. DASI is composed of 13 element interferometers with correlator operating
from 26 to 36 GHz. The baseline of DASI cover angular scales from 15′ to 1.4o.
Interferometry is a technique that differs in many fundamental ways from those used by
BOOMERanG and other map-making CMB experiments. Interferometers directly sample
the Fourier transform of the sky brightness distribution and the CMB power spectrum
can be computed without going through the map making process. In this sense, the DASI
result provides a real independent observation of the CMB angular spectrum.
The most recent analysis of the DASI data has been presented in [68]. The observa-
tions have been taken over 97 days from the South-Pole during the austral summer at
frequencies between 26 and 36 GHz. The calibration was obtained using bright astronom-
ical sources.
The CMB angular power spectrum estimated in 9 bands between ℓ = 100 to ℓ = 900
is also shown in Figure 1. There is a ∼ 20% correlation between the data points. Not
shown in the figure is an ∼ 8% calibration error, while the beam error is negligible. The
DASI team found no evidence for foregrounds other than point sources (which are the
dominant foregrounds at those frequencies (see e.g. [126], [127])). Nearly 30 point sources
have been detected in the DASI data while a statistical correction has been made for
residual point sources that were too faint to be detected.
3.3 The MAXIMA experiment.
MAXIMA-I is another balloon experiment, similar in many aspects to BOOMERang
but not long-duration. A description of the instrument can be found in [93] and all
the relevant informations about the team can be obtained from the MAXIMA website:
http://cosmology.berkeley.edu/group/cmb/. In the latest analysis ([93]) the data
from 3, 150, GHz very sensitive bolometers has been analyzed in order to produce a 3′
pixelized map of about 10 by 10 degrees. The previous analysis of about the same data∗
∗The 240 GHz channel has been excluded because it did not pass consistency tests above ℓ = 785.
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based on a 5′ pixelization ([69]) has therefore been extended to ℓ = 1235. The map-
making method used by the MAXIMA team is extensively discussed in [123]. The data
are calibrated using the CMB dipole.
The MAXIMA-I datapoints are also shown in Figure 1. The error bars are correlated at
level of∼ 10%. The∼ 4% calibration error is not plotted in the figure. The beam/pointing
errors are of order of ∼ 10% at ℓ = 1000 (see [93]).
3.4 Features in the CMB power spectrum.
Figure 2: Phenomenological fit to the BOOMERanG, DASI and Maxima data. Picture
taken from [43]
Before going on to parameter extraction, it is important to adopt a phenomenological
approach and try to quantify how well the present data provide evidence for multiple and
coherent oscillations. Fits to the CMB data with phenomenological functions have been
already extensively used in the past (see e.g. [119], [121], [88]). More recently, similar
analyses have been carried out, using parabolas ([17], [49]) or more elaborate oscillating
functions with a well defined frequency and phase ([43]).
Since the first peak is evident, the statistical significance of the secondary oscillations
is now of greater interest. In [17] the BOOMERanG data bins centered at 450 < ℓ < 1000
were analyzed. Using a Bayesian approach, a linear fit CTℓ = CA+CBℓ is rejected at near
2σ confidence level. Also in [17], using a parabolic fit to the data, interleaved peaks and
dips were found at ℓ = 215±11, 431±10, 522±27, 736±21 and 837±15 with amplitudes
of the features 5760+344
−324, 1890
+196
−178, 2290
+330
−290, 1640
+500
−380, and 2210
+900
−640 µK
2, correspondingly.
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The reported significance of the detection is 1.7 σ for the second peak and dip, and 2.2 σ
for the third peak.
The evidence for oscillations in the MAXIMA data has been carefully studied in [122].
While there is no evidence for a second peak, the power spectrum shows excess power at
ℓ ∼ 860 over the average level of power at 411 ≤ ℓ ≤ 785 on the 95% confidence level.
Such a feature is consistent with the presence of a third acoustic peak.
In [49] the BOOMERanG, DASI and MAXIMA data were included in a similar anal-
ysis. Both DASI and MAXIMA confirmed the main features of the Boomerang CMB
power spectrum: a dominant first acoustic peak at ℓ ∼ 200, DASI shows a second peak
at ℓ ∼ 540 and MAXIMA-I exhibits mainly a ’third peak’ at ℓ ∼ 840.
Finally and more recently, in [43] a different analysis was made, based on a func-
tion that smoothly interpolates between a spectrum with no oscillations and one with
oscillations. Again, within the context of this different phenomenological model, a 2σ
presence for secondary oscillations was found. In Figure 2 the best phenomenological fit
to the data from [43] is reported. As we can see, the oscillations are clearly present in the
BOOMERanG and DASI data and are compatible with the MAXIMA data.
4 Consequences for Cosmology
Since the observations are, at the very least, compatible with acoustic oscillations, we can
make the assumption of inflationary perturbations and undertake a parameter estimation.
Constraining the parameters of the model with the present CMB data can be regarded
as a further test for the consistency of the scenario, since one can then compare the
results with those obtained by independent methods and/or under different theoretical
assumptions.
In principle, the CDM scenario of structure formation based on adiabatic primordial
fluctuations can depend on more than 11 parameters.
However for a first analysis, it is useful to restrict ourselves to just 5 parameters: the
tilt of primordial spectrum of perturbations nS, the optical depth of the universe τc, the
density in baryons and dark matter ωb = Ωbh
2 and ωdm = Ωdmh
2 and the shift parameter
R which is related to the geometry of the universe through (see [53], [103]):
R = 2
√
|Ωk|/Ωm/χ(y) (11)
where Ωm = Ωb+Ωdm, Ωk = 1−Ωm−ΩΛ, the function χ(y) is y, sin(y) or sinh(y) for
flat, closed and open universes respectively and
y =
√
|Ωk|
∫ zdec
0
[Ωm(1 + z)
3 + Ωk(1 + z)
2 + ΩΛ]
−1/2dz. (12)
The restriction of the analysis to only 5 parameters can be justified in several way:
First, a reasonable fit to the data can be obtained with no additional parameters. Second,
constraints on these parameters provide a test of the scenario: the value of the baryon
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Figure 3: Confidence contours in the ΩM −ΩΛ and Ωbh2− nS planes. Picture taken from
[17].
density Ωbh
2 can be compared with the values obtained from Big Bang Nucleosynthesis;
Ωdmh
2 must be significantly different from zero since a purely baryonic model doesn’t
match the observed galaxy clustering; Ω = 1 and nS ∼ 1 are general predictions of the
inflationary scenario.
Let us consider the results from BOOMERanG, DASI and MAXIMA separately, joint
analysis have been reported in, for example, ([135]) and ([43]).
In Fig. 3 we plot the likelihood contours in the ΩM − ΩΛ and Ωbh2 − nS planes from
the BOOMERanG experiment as reported in [17]. Since the quantity R depends on ΩΛ
and ΩM the CMB constraints on this parameter can be plotted on this plane. As we
can see from the left panel in the figure the data strongly suggest a flat universe (i.e.
Ω = ΩM + ΩΛ = 1). From the latest BOOMERanG data one obtains Ω = 1.02 ± 0.06
([111]).
The inclusion of complementary datasets in the analysis breaks the angular diame-
ter distance degeneracy in R and provides evidence for a cosmological constant at high
significance. Adding the Hubble Space Telescope constraint on the Hubble constant
h = 0.72 ± 0.08 ([62], information from galaxy clustering and from luminosity distance
of type Ia supernovae gives ([111]) ΩΛ = 0.62
+0.10
−0.18, ΩΛ = 0.55
+0.09
−0.09 and ΩΛ = 0.73
+0.10
−0.07
respectively.
Also interesting is the plot of the likelihood contours in the Ωbh
2 − nS plane. These
2 parameters are crucial in the determination of the relative amplitude of the peaks and
the power on subdegree angular scales. Namely, increasing the baryon density, increases
the difference between the first and second peak. Decreasing the scalar spectral index
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has the same effect since we are removing power from small scales and adding it to large
angular scales. Therefore, some sort of degeneracy exists among these parameters that
can however be broken by measuring the power around the 3rd peak. The presence of the
degeneracy is exemplified by the elongation of the likelihood contours along the ωb − nS
direction. The present data, however, already provide enough information about the
power on the 3rd peak and the degeneracy is partially broken.
The most important result from the right panel of Figure 3 is that the present
BOOMERanG data is in beautiful agreement with both a nearly scale invariant spec-
trum of primordial fluctuations, as predicted by inflation, and the value for the baryon
density ωb = 0.020 ± 0.002 predicted by Standard Big Bang Nucleosynthesis (see e.g.
[29]).
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Figure 4: CDM model vs purely baryonic dark matter models. Picture taken from [19].
An increase in the optical depth τc after recombination by reionization (see e.g. [67]
for a review) or by some more exotic mechanism damps the amplitude of the CMB peaks.
Even if degeneracies with other parameters such as nS are present (see e.g. [14]) the
BOOMERanG data provides the upper bound τc < 0.3.
The amount of non-baryonic dark matter is also constrained by the CMB data with
Ωdmh
2 = 0.13 ± 0.04 at 68% c.l. ([111]). The presence of power around the third peak
is crucial in this sense, since it cannot be easily accommodated in models based on just
baryonic matter (see e.g. [19], [65], [102] and references therein). In Fig.4 we plot the
BOOMERanG data with the best fit purely baryonic (BDM) and CDM model (picture
taken from [19]). As we can see, BDM models fail to reproduce the observed power at
ℓ ≥ 700.
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Furthermore, under the assumption of flatness, we can derive important constraints
on the age of the universe t0 given by:
t0 = 9.8Gy
∫ 1
0
ada
[ωma+ ωΛa4]1/2
(13)
Figure 5: Age constraint from CMB compared with independent estimates. Picture taken
from [59].
In Figure 5 we compare the BOOMERanG constraint on age with other independent
results obtained from stellar populations in bright ellipticals ([59]), 238U age-measurement
of an old halo star in our galaxy ([32]) and age the of the oldest halo globular cluster in
the sample of Salaris & Weiss ([120]). As we can see all four methods give completely
consistent results, and enable us to set rigorous bounds on the maximum and minimum
ages that are allowed for the universe, t0 = 14± 1 GYrs ([59], [111],[87]).
The results from the DASI experiment have been extensively reported in [117] and are
perfectly consistent with the BOOMERanG results. Pryke et al. report Ω = 1.04± 0.06,
ns = 1.01
0.08
0.06, Ωbh
2 = 0.0220.0040.003 and Ωdmh
2 = 0.14± 0.04.
The MAXIMA team reported similar compatible constraints in [122]: Ω = 0.9+0.18
−0.16
and Ωbh
2 = 0.033±0.13 at 2σ c.l.. However the MAXIMA data is not good enough to
put strong constrains on the spectral index nS and the optical depth τc because of the
degeneracy between the 2 parameters.
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5 Non-Standard Aspects of Parameter extraction
Even if the present CMB observations can be fitted with just 5 parameters it is interesting
to extend the analysis to other parameters allowed by the theory. Here I will just sum-
marize a few of them and discuss how well we can constrain them and what the effects
on the results obtained in the previous section would be.
5.1 Gravity Waves
The metric perturbations created during inflation belong to two types: scalar perturba-
tions, which couple to the stress-energy of matter in the universe and form the “seeds”
for structure formation and tensor perturbations, also known as gravitational wave per-
turbations. Both scalar and tensor perturbations contribute to CMB anisotropy. In the
recent CMB analysis by the BOOMERanG and DASI collaborations, the tensor modes
have been neglected, even though a sizable background of gravity waves is expected in
most of the inflationary scenarios. Furthermore, in the simplest models, a detection of the
GW background can provide information on the second derivative of the inflaton potential
and shed light on the physics at ∼ 1016Gev (see e.g. [77]).
The shape of the CTℓ spectrum from tensor modes is drastically different from the one
expected from scalar fluctuations, affecting only large angular scales (see e.g. [35]). The
effect of including tensor modes is similar to just a rescaling of the degree-scale COBE
normalization and/or a removal of the corresponding data points from the analysis.
This further increases the degeneracies among cosmological parameters, affecting mainly
the estimates of the baryon and cold dark matter densities and the scalar spectral index
nS ([105],[84], [135], [52]).
The amplitude of the GW background is therefore weakly constrained by the CMB
data alone, however, when information from BBN, local cluster abundance and galaxy
clustering are included, an upper limit of about r = CT2 /C
S
2 < 0.5 is obtained.
5.2 Scale-dependence of the spectral index.
The possibility of a scale dependence of the scalar spectral index, nS(k), has been con-
sidered in various works (see e.g. [89], [33], [98], [38]). Even though this dependence
is considered to have small effects on CMB scales in most of the slow-roll inflationary
models, it is worthwhile to see if any useful constraint can be obtained. Allowing the
power spectrum to bend erases the ability of the CMB data to measure the tensor to
scalar perturbation ratio and enlarge the uncertainties on many cosmological parameters.
Recently, Covi and Lyth ([34]) investigated the two-parameter scale-dependent spec-
tral index predicted by running-mass inflation models, and found that present CMB data
allow for a significant scale-dependence of nS. In Hannestad et al. ([72], [73]) the case of
a running spectral index has been studied, expanding the power spectrum P (k) to second
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order in ln(k). Again, their result indicates that a bend in the spectrum is consistent
with the CMB data.
Furthermore, phase transitions associated with spontaneous symmetry breaking during
the inflationary era could result in the breaking of the scale-invariance of the primordial
density perturbation. In [9], [66] and [134] the possibility of having step or bump-like
features in the spectrum has also been considered.
While much of this work was motivated by the tension between the initial release of
the data and the baryonic abundance value from BBN, a sizable feature in the spectrum
is still compatible with the latest CMB data ([54]).
5.3 Quintessence
The discovery that the universe’s evolution may be dominated by an effective cosmological
constant [63] is one of the most remarkable cosmological findings of recent years. One can-
didate that could possibly explain the observations is a dynamical scalar “quintessence”
field. One of the strongest aspects of quintessence theories is that they go some way
towards explaining the fine-tuning problem, that is why the energy density producing
the acceleration is ∼ 10−120M4pl. A vast range of “tracker” (see for example [142, 26])
and “scaling” (for example [138], [58]) quintessence models exist which approach attrac-
tor solutions, giving the required energy density, independent of initial conditions. The
common characteristic of quintessence models is that their equations of state, wQ = p/ρ,
vary with time while a cosmological constant remains fixed at wQ=Λ = −1 (see e.g. [18]).
Observationally distinguishing a time variation in the equation of state or finding wQ
different from −1 will therefore be a success for the quintessential scenario. Quintessence
can also affect the CMB by acting as an additional energy component with a characteristic
viscosity. However any early-universe imprint of quintessence is strongly constrained by
Big Bang Nucleosynthesis with ΩQ(MeV ) < 0.045 at 2σ for temperatures near T ∼ 1Mev
([11], [141]).
In [12] we have combined the latest observations of the CMB anisotropies and the
information from Large Scale Structure (LSS) with the luminosity distance of high redshift
supernovae (SN-Ia) to put constraints on the dark energy equation of state parameterized
by a redshift independent quintessence-field pressure-to-density ratio wQ.
The importance of combining different data sets in order to obtain reliable constraints
on wQ has been stressed by many authors (see e.g. [115], [78],[137]), since each dataset
suffers from degeneracies between the various cosmological parameters and wQ . Even if
one restricts consideration to flat universes and to a value of wQ constant in time then
the SN-Ia luminosity distance and position of the first CMB peak are highly degenerate
in wQ and ΩQ, the energy density in quintessence.
Varying wQ on the angular power spectrum of the CMB anisotropies has just 2 effects.
First, since the inclusion of quintessence changes the overall content of matter and energy,
the angular diameter distance of the acoustic horizon size at recombination will be altered.
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In flat models (i.e. where the energy density in matter is ΩM = 1 − ΩQ), this creates
a shift in the peaks’ positions in the angular spectrum by
R−1 = 1
2
√
(1− ΩQ)
∫ zdec
0
[(1− ΩQ)(1 + z)3 + ΩQ(1 + z)3(1+wQ)]−1/2dz. (14)
It is important to note that the effect is completely degenerate in the interplay between
wQ and ΩQ. Furthermore, it does not add any new features beyond those produced by
the presence of a cosmological constant [53], and it is not particularly sensitive to further
time dependencies of wQ.
Second, the time-varying Newtonian potential after decoupling will produce anisotropies
at large angular scales through the Integrated Sachs-Wolfe (ISW) effect. The curve in the
CMB angular spectrum on large angular scales depends not only on the value of wQ, but
also on its variation with redshift. This effect, however, will be difficult to disentangle
from the same effect generated by a cosmological constant, especially in view of the affect
of cosmic variance and/or gravity waves on the large scale anisotropies.
In order to emphasize the importance of degeneracies among all of these parameters
while analyzing the CMB data, we plot in Figure 6 some degenerate spectra, obtained
by keeping the physical density in matter ΩMh
2, the physical density in baryons Ωbh
2
and R fixed. As we can see from the plot, models degenerate in wQ can easily be con-
structed. However the combination of CMB data with other different datasets can break
the mentioned degeneracies.
In Figure 7 we plot likelihood contours in the (ΩM , wQ) plane for the joint analyses
of CMB+SN-Ia+HST+LSS data together with the contours from the SN-Ia dataset only.
Proceeding as in [104], we attribute a likelihood to a point in the (ΩM , wQ) plane by
finding the remaining parameters that maximize it. We then define our 68%, 95% and 99%
contours to be where the likelihood falls to 0.32, 0.05 and 0.01 of its peak value, as would
be the case for a two dimensional multivariate Gaussian. As we can see, the combination of
the datasets breaks the luminosity distance degeneracy and suggests the presence of dark
energy with high significance. Furthermore, the new CMB results provided by Boomerang
and DASI improve the constraints from previous and similar analysis (see e.g., [115],[21]),
with wQ < −0.85 at 68% c.l.. Our final result is then perfectly in agreement with the
wQ = −1 cosmological constant case and gives no support to a quintessential field scenario
with wQ > −1.
5.4 CMB, Big Bang Nucleosynthesis and Neutrinos
As we saw in the previous section, the SBBN 95% CL region, corresponding to Ωbh
2 =
0.020±0.002 (95% c.l.), has a large overlap with the analogous CMBR contour. This fact,
if it will be confirmed by future experiments on CMB anisotropies, can be seen as one of
the greatest success, up to now, of the standard hot big bang model.
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Figure 6: CMB power spectra and the angular diameter distance degeneracy. The models
are computed assuming flatness, Ωk = 1 − ΩM − ΩQ = 0). The Integrated Sachs Wolfe
effect on large angular scale slightly breaks the degeneracy. The degeneracy can be broken
with a strong prior on h. Picture taken from [12].
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Figure 7: The likelihood contours in the (ΩM , wQ) plane, with the remaining parameters
taking their best-fitting values for the joint CMB+SN-Ia+LSS analysis described in the
text. The contours correspond to 0.32, 0.05 and 0.01 of the peak value of the likelihood,
which are the 68%, 95% and 99% confidence levels respectively. Picture taken from [12].
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SBBN is well known to provide strong bounds on the number of relativistic species Nν .
On the other hand, Degenerate BBN (DBBN), first analyzed in Ref. [41, 61, 13, 82], gives
very weak constraint on the effective number of massless neutrinos, since an increase
in Nν can be compensated by a change in both the chemical potential of the electron
neutrino, µνe = ξeT , and Ωbh
2. Practically, SBBN relies on the theoretical assumption
that background neutrinos have negligible chemical potential, just like their charged lepton
partners. Even though this hypothesis is perfectly justified by Occam razor, models have
been proposed in the literature [36, 1, 39, 40, 31, 99, 101, 60], where large neutrino
chemical potentials can be generated. It is therefore an interesting issue for cosmology,
as well as for our understanding of fundamental interactions, to try to constrain the
neutrino–antineutrino asymmetry with the cosmological observables. It is well known
that degenerate BBN gives severe constraints on the electron neutrino chemical potential,
−0.06 ≤ ξe ≤ 1.1, and weaker bounds on the chemical potentials of both the µ and τ
neutrino, |ξµ,τ | ≤ 5.6 ÷ 6.9 [82], since electron neutrinos are directly involved in neutron
to proton conversion processes which eventually fix the total amount of 4He produced in
nucleosynthesis, while ξµ,τ only enters via their contribution to the expansion rate of the
universe.
The CMB power spectrum is greatly affected by changes in Nν , the amount of rela-
tivistic particles. First of all, changing Nν changes the epoch of equality. Secondly, the
shift parameter R is changed as ([25]):
R = 2
(
1− 1√
1 + zdec
) √|Ωk|
Ωm
1
χ(y)
[√
Ωrel +
Ωm
1 + zdec
−
√
Ωrel
]
(15)
where now
y =
√
|Ωk|
∫ zdec
0
dz[Ωrel(1 + z)
4 + Ωm(1 + z)
3 + Ωk(1 + z)
2 + ΩΛ]
−1/2. (16)
Finally, in the acoustic peaks region, the different radiation content at decoupling by
variation of the ratio Ωγ/Ωrel induces a larger early ISW effect, which boosts the height
of the first peak with respect to the other acoustic peaks.
Combining the DBBN scenario with the bound on baryonic and radiation densities
allowed by CMBR data, it is possible to obtain stronger constraints on all the parameter
of the model. Such an analysis was previously performed in ([57], [96], [70], [112]) using
the first data release of BOOMERanG and MAXIMA ([16], [69]). We recall that the
neutrino chemical potentials contribute to the total neutrino effective degrees of freedom
Nν as
Nν = 3 + Σα

30
7
(
ξα
π
)2
+
15
7
(
ξα
π
)4 . (17)
Notice that in order to get a bound on ξα we have here assumed that all relativistic
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Figure 8: The 95% CL contours for degenerate BBN (dot-dashed (green) line), new
CMB results with just the age prior, t > 11gyr (full (red) line), and with just the
SN1a prior (dashed (blue) line). The combined analysis corresponds to the filled re-
gions. Marginalization leads to the bound Ωbh
2 = 0.020±0.0035 and Nν < 7, both at
95%, for DBBN+CMB+SN. The dotted (green) line is the 95% CL allowed by SBBN.
Picture taken from [75].
degrees of freedom, other than photons, are given by three (possibly) degenerate active
neutrinos.
Figure 8 summarizes our main results with the new CMB data, reported in [75] for
the DBBN scenario. We plot the 95% CL contours allowed by DBBN (dot-dashed (green)
line), together with the analogous 95% CL region coming from the CMB data analysis,
with only weak age prior, t0 > 11gyr (full (red) line).
Finally, the solid contour (light, red) is the 95% CL region of the joint product distri-
bution L ≡ LDBBN ·LCMB. The main new feature, with respect to the results of Ref. [57]
is that the resolution of the third peak shifts the CMB likelihood contour towards smaller
values for Ωbh
2, so when combined with DBBN results, it singles out smaller values for
Nν . In fact from our analysis we get the bound Nν ≤ 8, at 95% CL, which translates into
the new bounds −0.01 ≤ ξe ≤ 0.25, and |ξµ,τ | ≤ 2.9, sensibly more stringent than what
can be found from DBBN alone.
A similar analysis can also be performed combining CMBR and DBBN data with the
Supernova Ia data [63], which strongly reduces the degeneracy between Ωm and ΩΛ. At
95% C.L. we find ∆Nν < 7, corresponding to −0.01 ≤ ξe ≤ 0.22 and |ξµ,τ | ≤ 2.6.
Compatible results have been obtained in similar analyses ([85],[71]).
Some caution is naturally necessary when comparing the effective number of neutrino
degrees of freedom from BBN and CMB, since they may be related to different physics.
In fact the energy density in relativistic species may change from the time of BBN (T ∼
MeV ) to the time of last rescattering (T ∼ eV ). It is therefore interesting to further
investigate the bounds on this parameter from CMB alone and see how the inclusion of a
19
Figure 9: Effects of a background of relativistic particles on the parameters estimated
from CMB observations. Picture taken from [25].
free Nν can affect the results on parameter extraction.
We have analyzed this in [25]. In Figure 9 we plot the likelihood contours for ωrel vs
ωm, ωb and ns (left to right). As we can see, ωrel is weakly constrained to be in the range
1 ≤ ωrel/ωrel(∆Nν = 0) ≤ 1.9 at 1− σ in all the plots. The degeneracy between ωrel and
ωm is evident in the left panel of Figure 9. Increasing ωrel shifts the epoch of equality and
this can be compensated only by a corresponding increase in ωm. It is interesting to note
that even if we are restricting our analysis to flat models, the degeneracy is still there and
that the bounds on ωm are strongly affected. We find ωm = 0.2±0.1, to be compared with
ωm = 0.13± 0.04 when ∆Nν is kept to zero. It is important to realize that these bounds
on ωrel appear because of our prior on h and because we consider flat models. When
one allows h as a free parameter and any value for Ωm, then the degeneracy is almost
complete. In principle, a critical univers with ΩM = 1 could be put back in agreement
with CMB and LSS observations by this mechanism ([95]). In the center and right panel
of Fig.9 we plot the likelihood contours for ωb and ns. As we can see, these parameters are
not strongly affected by the inclusion of ωrel and the most relevant degeneracy is with the
amount of non relativistic matter ωm. An accurate determination of ωcdm = ωm − ωb can
shed new light on the nature of dark matter. The thermally averaged cross-sections times
velocity of the dark matter candidate is related to ωcdm, and this relation is currently
used to analyze the implications for the mass spectra in versions of the Supersymmetric
Standard Model (see e.g. [8], [37], [55]).
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Figure 10: BBN and CMB likelihood contours for variations in the fine structure constant
α. Picture taken from [5]
5.5 Varying α
There are quite a large number of experimental constraints on the value of fine structure
constant α. These measurements cover a wide range of timescales (see [132] for a review of
this subject), starting from present-day laboratories (z ∼ 0), geophysical tests (z << 1),
and quasars (z ∼ 1÷ 3), through the CMB (z ∼ 103) and BBN (z ∼ 1010) bounds.
The recent analysis of [108] of fine splitting of quasar doublet absorption lines gives a
4σ evidence for a time variation of α, ∆α/α = (−0.72±0.18)10−5, for the redshift range
z ∼ 0.5−3.5. This positive result was obtained using a many-multiplet method, which, it is
claimed, achieves an order of magnitude greater precision than the alkali doublet method.
Some of the initial ambiguities of the method have been tackled by the authors with an
improved technique, in which a range of ions is considered, with varying dependence on
α, which helps reduce possible problems such as varying isotope ratios, calibration errors
and possible Doppler shifts between different populations of ions [109, 30, 136, 110].
The present analysis of the α-dependence of two relevant cosmological observables like
the anisotropy of CMB and the light element primordial abundances does not support
evidence for variations of the fine-structure constant at more than the one-sigma level at
either epoch. The 68% and 95% C.L. regions in the plane Ωbh
2– ∆α/α are shown in Fig.
10 from CMB and BBN (see [5] and references therein).
5.6 Isocurvature modes.
Another key assumption is that the primordial fluctuations were adiabatic. Adiabaticity
is not a necessary consequence of inflation though and many inflationary models have been
constructed where isocurvature perturbations would have generically been concomitantly
produced (see e.g. [92], [64], [10]).
In a phenomenological approach one should consider the most general primordial per-
turbation, introduced by [28], and described by a 5X5 symmetric matrix-valued general-
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ization of the power spectrum. As showed by [28], the inclusion of isocurvature perturba-
tions with auto and cross-correlations modes has dramatic effects on standard parameter
estimation with uncertainties becoming of order one.
Even assuming priors such as flatness, the inclusion of isocurvature modes significantly
enlarges our constraints on the baryon density [130] and the scalar spectral index [4]. Pure
isocurvature perturbations are highly excluded by present CMB data ([56]).
As we saw in the first section, it is also possible to have active and decoherent pertur-
bations such as those produced by an inhomogeneously distributed form of matter like
topological defects. Models based on global defects like cosmic strings and textures are
excluded at high significance by the present data (see e.g. [47]). However a mixture of
adiabatic+defects is still compatible with the observations ([24], [47]). In principle, toy
models based on active perturbations can be constructed [131] that can mimic inflation
and retain a good agreement with observations [48].
6 Conclusions
The recent CMB data represent a beautiful success for the standard cosmological model.
The acoustic oscillations in the CMB angular power spectrum, a major prediction of the
model, have now been detected at ∼ 5σ C.L. for the first peak and ∼ 2σ C.L. for the
second and third peak. Furthermore, when constraints on cosmological parameters are
derived under the assumption of adiabatic primordial perturbations the following results
are obtained:
• The curvature of the universe is zero, i.e. the universe is flat, in agreement with the
predictions of the theory.
• The power spectrum of the primordial perturbations is nearly scale-invariant, again
a prediction of the model.
• The amount of density in baryons is in agreement with independent observations of
primordial abundances and standard big-bang nucleosynthesis.
• The optical depth is constrained to be τc < 0.3, and the universe recombined, in
agreement with the overall scenario.
• Some form of non baryonic dark matter must be present, as requested by a large
set of independent observations.
• The age of the universe is consistent with at least 3 independent constraints.
• When information from complementary datasets, like constraint on h or from large
scale structure, are included in the analysis, the CMB data suggest a presence for a
cosmological constant in agreement with the SN-Ia result.
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All these results strongly suggest that the inflationary scenario of structure formation
is coherent in its simplest form. In few words, the hoped-for miracle.
As we saw in the previous section, modifications to this model, like adding isocurvature
modes or topological defects, are in agreement with the observations, but are not required
by the data and are reasonably constrained when complementary datasets are included
in the analysis.
Since the model is in agreement with the data and all the most relevant parameters
are starting to be constrained within a few percent accuracy, the CMB is becoming a
wonderful laboratory for investigating the possibilities of new physics. With the promise
of large data sets from Map, Planck and SNAP satellites, opportunities may be open,
for example, to constrain dark energy models, variations in fundamental constants and
neutrino physics.
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